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Abstract
We show that the Adams operations on the algebraic K-theory of a commutative unital
Q-algebra correspond to Adams operations on Hochschild homology via the Dennis trace map.
This establishes a conjecture of Geller and Weibel, Hodge decomposition of Loday symbols in
K-theory and cyclic homology, K-theory 8 (1994) 587{632, that the Dennis trace map preserves
the Hodge decomposition. c© 1999 Elsevier Science B.V. All rights reserved.
MSC: 19D55
0. Introduction
Let A be a commutative Q-algebra. The algebraic K-theory of A, K(A), and the
Hochschild homology of A; HH(A), have graded algebra structures and the Den-
nis trace map D :K(A)!HH(A) is a map of graded algebras. One can use the
Dennis trace map to study the algebraic K-theory of A through the Hochschild ho-
mology. For example, one can detect this way non-zero elements in K(A) [2]. To
further study K(A) via the Dennis trace map, one would like to know what addi-
tional structure D preserves. In this paper we prove a conjecture by Geller and Weibel
[2] that rationally, the Dennis trace map preserves Adams operations and the Hodge
decomposition.
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The Hodge decomposition of the algebraic K-theory is dened by means of
Quillen’s Adams operations. Quillen [5] dened Adams operations 	k :K(A)!K(A)
(k 2N+) which are graded ring maps and satisfy 	k 	l=	kl. The Adams operations
decompose the rational K-theory into eigenspaces:
K(A)Q=
1M
i=0
K (i) (A);
where 	k acts on K (i) (A) by multiplication by k i. This decomposition is called the
Hodge decomposition.
A Hodge decomposition for the Hochschild homology was constructed by Loday
[7] and Gerstenhaber and Schack [3]. They used the action of special idempotent
elements in the symmetric group algebra, Q[n], on the bar complex to decompose
the Hochschild homology:
HHn(A)=
nM
i=0
HH (i)i (A):
Using this decomposition, Loday dened operations on Hochschild homology k :
HHn(A)!HHn(A) and 	k :HHn(A)!HHn(A), setting k to act on HH (i)i (A) by mul-
tiplication by (−1)k−1k i and dening 	k to be (−1)k−1kk. The 	k operations are
also called Adams operations, which is misleading since they are not multiplicative.
However, the operations k=(−1)k−1k are graded ring maps [9].
Loday raised the question of whether the Adams operations are compatible with
the Dennis trace map. Geller and Weibel [2] proved that if A=A0A1    is a
graded Q-algebra, then on the relative part K(A; A+), the Dennis trace map com-
mutes with the 	k -operations up to a factor of k. That is, for x2K(A; A+)Q, we
have
	k D(x)= kD 	k(x); (1)
or equivalently,
	k D(x)=D k(x): (2)
To prove the equality (1), Geller and Weibel used a theorem by Cathelineau [1],
which says that when A is a Q-algebra and I a nilpotent ideal then on the ratio-
nal relative theory the Jones{Goodwillie Chern map [4], JG :Kn+1(A; I)!HCn+1(A; I),
preserves the  operations.
In [2, 0.4.1], Geller and Weibel conjectured that for any commutative Q-algebra A
and any x2K(A)Q the Dennis trace map is compatible with the Adams operations in
the sense of (1).
In this paper we prove the above conjecture:
M.R. Kantorovitz / Journal of Pure and Applied Algebra 144 (1999) 21{27 23
Theorem 2.1. Let A be a commutative Q-algebra. Then the Dennis trace map com-
mutes with the Adams operations. That is; the following diagram commutes:
Kn(A)Q
D−−−−−! HHn(A)
	k
?????y
?????y
k
Kn(A)Q
D−−−−−!HHn(A):
Hence; the Dennis trace map preserves the Hodge decomposition.
1. Preliminaries
We briey review some denitions and results which will be used in the proof of
Theorem 2.1. For more details see [8, 5].
The Hochschild homology of a commutative unital Q-algebra A; HH(A), is the
homology of the bar complex C(A), where Cn(A)=A⊗Q A⊗n and A=A=Q. The
Hochschild homology is naturally a graded commutative algebra via the shue product
#, and there is a corresponding Kunneth formula.
Theorem 1.1. Let A and A0 be Q-algebras. Then the shue map induces an isomor-
phism on homology
# :HH(A)⊗HH(A0)
=−!HH(A⊗A0):
In particular; for 0 6=y2HHm(A0); the map
−#y :HHn(A)!HHn+m(A⊗A0)
is injective.
The Hodge decomposition of the Hochschild homology is dened via the Eule-
rian idempotents by Gerstenhaber and Schack [3]. The Eulerian idempotents, e(i)n ; i =
1; : : : ; n, are mutually orthogonal idempotents in the symmetric group algebra Q[n]
with
Pn
i=1e
(i)
n =1. Their action on the bar complex commutes with the boundary op-
eration, so the bar complex C(A) naturally split into a direct sum of sub-complexes,
C (i) (A) = e(i)n C(A) for n 1, and the Hochschild homology decomposes as
follows:
HH0(A) =HH
(0)
0 (A)=A;
HHn(A) =HH (1)n (A)   HH (n)n (A); n 1; (3)
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where HH (i)n (A)=Hn(C
(i) (A)). This decomposition is called the Hodge decomposition
for Hochschild homology. Using the Hodge decomposition, Loday [7] dened opera-
tions kn :HH(A)!HH(A) (k 2N+), by setting kn to act on HH (i)n by multiplication
by (−1)(k−1)k i. In parallel to the K-theory, Loday dened operations 	k =(−1)k−1kk
which he called Adams operations. However, these 	k operations are not graded ring
maps since they send 1 to k.
McCarthy [9] gave a geometric description of the lambda operations on HH(A). He
dened operations k :HH(A)!HH(A) using edgewise subdivision of a simplicial
set. He then showed that these k operations are graded ring maps on HH(A) and
that they dier from Loday’s lambda operations by a sign: k =(−1)k−1k . These k
operations are also called Adams operations and we have the relation
k = k−1	k =multiplication by k i on HH (i) (A): (4)
Operations on K-theory. For a commutative algebra A, Quillen [5] dened on K(A)
lambda operations k :Kn(A)!Kn(A) (k2N+). When n>0; k is a group homo-
morphism, but when n=0 (and k 6=1); k is just a set map. The Adams operations
	k :Kn(A)!Kn(A) are derived from the lambda operations by a natural procedure
which makes 	k a graded ring map. They satisfy 	k 	l=	kl and are functorial
in A. The Adams operations decompose the rational K-groups, K(A)Q=K(A)⊗Q,
into eigenspaces:
K(A)Q=
1M
i=0
K (i) (A);
where
	k =multiplication by k i on K (i) (A)
(and k =multiplication by (−1)kki−1 on K (i) (A) for  6=0): (5)
This decomposition is called the Hodge decomposition for K(A). We will use the
following property of the Adams operations:
Property 1.2 (Hiller [5]). Let u be a unit in A and let fug be the corresponding
element in K1(A). Then 	k(fug)= kfug.
The Dennis trace map. The Dennis trace map is a graded map from K-theory to
Hochschild homology, D :Kn(A)!HHn(A). Detailed description of the map may be
found in [8]. We will use the following properties of D:
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Property 1.3 (Multiplicativity, [6, 5.c.3]). If A and A0 are commutative Q-algebras
then the following diagram commutes:
Kn(A)⊗Km(A0)
D⊗D−−−−−! HHn(A)⊗HHm(A0)?????y
?????y
Kn+m(A⊗A0)
D−−−−−−−−! HHn+m(A⊗A0)
Property 1.4. Let u be a unit in A then D(fug)= [u−1⊗ u], where [u−1⊗ u] is the
class of the cycle u−1⊗ u in HH (1)1 (A).
2. Main theorem
In this section we show that the Dennis trace map preserves the Hodge decomposi-
tion. To do so, we compare the Adams operations on K(A) with those on HH(A).
One thing to notice is that on the K-theory side, the Adams operations 	k :K(A)
!K(A) are graded ring maps and so is the Dennis trace map. Hence, on the Hochschild
homology side, we want to take the Adams operations which are also ring maps,
namely, the k operations.
Theorem 2.1. Let A be a commutative Q-algebra. Then the Dennis trace map com-
mutes with the Adams operations. That is; the following diagram commutes:
Kn(A)Q
D−−−−−!HHn(A)
	k
?????y
?????y
k
Kn(A)Q
D−−−−−!HHn(A)
Hence; the Dennis trace map preserves the Hodge decomposition.
Proof. Consider the unit element (1 + ) in the algebra of dual numbers Q[]. Let e
be the corresponding element in K1(Q[]). Observe that multiplication by e gives a
map from Kn(A) to the relative part Kn+1(A[]; ()):
Kn(A)
e−!Kn+1(A⊗Q Q[]; ())=Kn+1(A[]; ()):
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Now consider the following diagram, which is a commutative diagram since D is
multiplicative.
Kn(A)
D−−−−−−−−−−! HHn(A)
e
?????y
?????y
#D(e)
Kn+1(A[]; ())
D−−−−−!HHn+1(A[]; ())
Let x2Kn(A). Then since k and D are graded ring maps we have
k D(xe)=k(D(x)#D(e))=k(D(x))#k(D(e))=k(D(x))#k(D(e)); (6)
where the last equality is from (4). On the other hand,
D 	k(xe)=D(	k(x)	k(e))=D((	k(x))(ke))=D(	k(x))#k(D(e)); (7)
where the second equality follows from Property 1.2 of the Adams operations.
Since xe2K(A[]; ()) then, by Cathelineau [1], D 	k(xe)=k D(xe). Therefore,
Eqs. (6) and (7) imply
D 	k(x)#kD(e)=k D(x)#kD(e): (8)
By Property 1.4, D(e)= [e−1⊗ e] = [(1− )⊗ (1 + )] which is a non-zero element in
HH1(Q[]). Hence, by Theorem 1.1, the map (−#kD(e)) is injective and (8) yields
D 	k(x)=k D(x):
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